1.1. Preliminaries. Let X be an abelian surface or a K3 surface over a field k. The base field k is arbitrary unless otherwise stated. Let ̺ X ∈ H 4 (X, Z) be the fundamental class of X. We define a lattice structure , on H ev (X, Z) := 2 i=0 H 2i (X, Z) by x, y := (x 1 , y 1 ) − (x 0 y 2 + x 2 y 0 ), where x = x 0 + x 1 + x 2 ̺ X and y = y 0 + y 1 + y 2 ̺ X with x 0 , y 0 ∈ Z = H 0 (X, Z), x 1 , y 1 ∈ H 2 (X, Z) and x 2 , y 2 ∈ Z. It is now called the Mukai lattice. For a coherent sheaf E on X, v(E) := ch(E) td X = rk(E) + c 1 (E) + (χ(E) − ε rk(E))̺ X ∈ H ev (X, Z)
is called the Mukai vector of E, where ε = 0, 1 according as X is an abelian surface or a K3 surface. We also define H * (X, Z) alg := Z ⊕ NS(X) ⊕ Z̺ X .
Then H * (X, Z) alg is a sublattice. H * (X, Z) alg is well-defined over any field k. For a ring extension R → R ′ and an R-module M , we set M R ′ := M ⊗ R R ′ . Let E be an object of D(X). E ∨ := RHom OX (E, O X ) denotes the derived dual of E. We denote the rank of E by rk E. For a fixed nef and big divisor H on X, deg(E) denotes the degree of E with respect to H. For G ∈ K(X) Q with rk G > 0, we also define the twisted rank and degree by rk G (E) := rk(G ∨ ⊗ E) and deg G (E) := deg(G ∨ ⊗ E) respectively. We set µ G (E) := deg G (E)/ rk G (E), if rk E = 0. Finally we define v(E) := ch(E) √ td X and call it the Mukai vector of the object E of D(X).
For a (−2)-vector u ∈ H ev (X, Z),
is the reflection by u. Let U be a complex of coherent sheaves such that Hom(U, U ) = k and Hom(U, U [p]) = 0 for p = 0, 2. Let p i : X × X → X, i = 1, 2 be the i-th projection. We set
is an equivalence and the quasi-inverse Φ
−1
U is given by
In this subsection, we shall explain several basic notions to define Bridgeland stability conditions. Let X be an abelian surface or a K3 surface over k, and π : X → Y a contraction of X to a normal surface Y over k. We note that π is an isomorphism for an abelian surface. If π is not isomorphic, then Y has rational double points as singularities. Let H be the pull-back of an ample divisor on Y . We take β ∈ NS(X) Q such that (β, D) ∈ Z for all (−2)-curves D with (D, H) = 0. Then the following proposition holds.
Proposition 1.2.1 ([30, Prop. 2.4.9]).
Assume that β ∈ NS(X) Q satisfies (β, D) ∈ Z for all (−2)-curves D with (D, H) = 0. Then there is a category of perverse coherent sheaves C such that e β , v(E) < 0 for all 0-dimensional objects E of C. If π is isomorphic, then C is nothing but Coh(X). Let r 0 be a positive integer such that r 0 e β is a primitive element of H * (X, Z). Let G be an element of K(X) Q such that v(G) = r 0 e β − a̺ X , a ∈ Q.
Definition 1.2.2 ([30]).
(1) Let E be an object of C. We set E(n) := E(nH) for the fixed H. (a) Assume that rk E > 0. Then E is G-twisted semi-stable if χ(G, F (n)) ≤ (rk F ) χ(G, E(n)) rk E , n ≫ 0 for all proper subobject F of E. If the inequality is strict for every F , E is G-twisted stable. (b) Assume that rk E = 0 and (c 1 (E), H) > 0. Then E is G-twisted semi-stable if χ(G, F ) ≤ (c 1 (F ), H) χ(G, E) (c 1 (E), H) for all proper subobject F of E. If the inequality is strict for every F , E is G-twisted stable.
(2) Obviously the G-twisted semi-stability depends only on β = c 1 (G)/ rk G. We define the β-twisted semi-stability as the O X (β)-twisted semi-stability.
is the moduli stack of β-twisted semi-stable (resp. stable) objects E of C with v(E) = v. We also define µ-semi-stability by using the slope µ G . M H (v) µ-ss denotes the moduli stack of µ-semi-stable objects E with v(E) = v. Definition 1.2.3. Let E = 0 be an object of C.
(1) There is a (unique) filtration (1.2) 0 ⊂ F 1 ⊂ F 2 ⊂ · · · ⊂ F s = E such that each E j := F j /F j−1 is a torsion object or a torsion free G-twisted semi-stable object and
(rk E j+1 )χ(G, E j (n)) > (rk E j )χ(G, E j+1 (n)), n ≫ 0.
We call it the Harder-Narasimhan filtration of E. (2) In the notation of (1), we set µ max,G (E) := µ G (E 1 ), rk E 1 > 0 ∞, rk E 1 = 0,
Remark 1.2.4. Let k be the algebraic closure of k. For an object E of C, E is G-twisted semi-stable if and only if E ⊗ k k is G ⊗ k k-twisted semi-stable. Hence (1.2) is invariant under the extension of the field.
We define several torsion pairs of C. Definition 1.2.5.
(1) Let T µ be the full subcategory of C such that E ∈ C belongs to T µ if (i) E is a torsion object or (ii) µ min,G (E) > 0. (2) Let F µ be the full subcategory of C such that E ∈ C belongs to T µ if E = 0 or E is a torsion free object with µ max,G (E) ≤ 0. Definition 1.2.6.
(1) Let T G be the full subcategory of C such that E ∈ C belongs to T G if (i) E is a torsion object or (ii) for the Harder-Narasimhan filtration (1.2) of E, E s satisfies µ G (E s ) > 0 or µ G (E s ) = 0 and χ(G, E s ) > 0. (2) Let F G be the full subcategory of C such that E ∈ C belongs to F G if E is a torsion free object and for the Harder-Narasimhan filtration (1.2) of E, E 1 satisfies µ G (E 1 ) < 0 or µ G (E 1 ) = 0 and χ(G, E 1 ) ≤ 0.
Definition 1.2.7. (T µ , F µ ), and (T G , F G ) are torsion pairs of C. We denote the tiltings of C by A µ and A G respectively.
3 Definition 1.2.8. If v(G)/ rk G = e β , then we set (T, F) := (T G , F G ) and A := A G .
For E ∈ D(X), we can write Hereafter we take ω ∈ Q >0 H, and for the pair (β, ω) we construct some functions and cateogries as a preliminary of stability conditions. Definition 1.2.9. We define Z (β,ω) : D(X) → C by Z (β,ω) (E) := e β+ √ −1ω , v(E)
(1.4)
If Z (β,ω) (A G ) ⊂ H ∪ R <0 , then Z (β,ω) is a stability function in the sense of [4, 5] on A G , where H := {z ∈ C | Imz > 0} is the upper half plane. In this case, we have a function φ : D(X) → R such that Z (β,ω) (E) = |Z (β,ω) (E)|e
and φ(E) ∈ (n, n + 1] for E ∈ A G [n].
Remark 1.2.10. For the category of twisted sheaves, we take a locally free twisted sheaf G with χ(G, G) = 0. Then we replace the Mukai vector v(E) by
Then v G (G) = rk Ge β with β = 0 and we have an expression v G (E) = r + a̺ X + (dH + D), since β = 0. In this case, Z (β,ω) is also well-defined. Definition 1.2.11. For (β, ω), G (β,ω) ∈ K(X) Q is an element satisfying
Then Z (β,ω) (E) = −χ G (β,ω) (E) + √ −1d(H, ω). Definition 1.2.12. For (β, ω), we define (T (β,ω) , F (β,ω) ) and A (β,ω) to be the categories (T G (β,ω) , F G (β,ω) ) and A G (β,ω) with (1.5).
with φ(E i ) > φ(E i+1 ) for all i. By the same proof of [5, Prop. 7 .1], we may assume that ImZ (β,ω) (E) = ImZ (β,ω) (E i ) and H 0 (E) → H 0 (E i ) is an isomorphism for all i. We set L i := ker(E → E i ). Then there is a chain
and ImZ (β,ω) (L i ) = 0 for all i. By the definition of A (β,ω) , H −1 (L i ) is a µ-semi-stable object with deg G (β,ω) (H −1 (L i )) = 0, and H 0 (L i ) is an extension
of a µ-semi-stable object F with deg G (F ) = 0 by a 0-dimensional object T . We may assume that H −1 (L i ) → H −1 (L i+1 ) is an isomorphism for all i. We set B i := L i /L i−1 . Then we have an exact sequence
Since χ G (β,ω) (H −1 (B i )) ≤ 0 and χ
Hence χ G (β,ω) (H 0 (L i )) is bounded above. Therefore χ G (β,ω) (H 0 (L i )) is constant for i ≫ 0. Then we have χ G (β,ω) (H 0 (B i )) = χ G (β,ω) (H −1 (B i )) = 0, which implies that H 0 (B i ) = 0. Hence H 0 (L i−1 ) → H 0 (L i ) is surjective for i ≫ 0. By the Noetherian properties of C, H 0 (L i−1 ) → H 0 (L i ) is an isomorphism for i ≫ 0. Therefore L i−1 → L i is an isomorphism for i ≫ 0. Remark 1.3.2. If X is an abelian surface, then A (β,ω) = A µ for any ω. Thus Definition 1.2.12 is meaningful only for a K3 surface.
Definition 1.3.4. Let k be an arbitrary field. Assume that σ (β,ω) is a stability function. Then E ∈ A (β,ω) is semi-stable (with respect to Z (β,ω) ), if
Thus the above definition is equivalent to Bridgeland's definition of stability.
For (β, ω), let (β, ω) be the corresponding element on X ⊗ k k, where k is the algebraic closure of k. Then we have a natural identification A (β,ω) = (A (β,ω) ) ⊗ k k by Remark 1.2.4. In the appendix section 5, we shall prove that the stability of E is equivalent to the stability of E ⊗ k k. Definition 1.3.6. Assume that σ (β,ω) is a stability function. Then E ∈ A (β,ω) is stable (with respect to
denotes the moduli stack of semi-stable objects E with respect to Z (β,ω) such that v(E) = v. If there is a coarse moduli scheme of stable objects, then we denote it by M (β,ω) (v).
Remark 1.3.8. If the moduli scheme M (β,ω) (v) exists, then the deformation theory implies that
Lemma 1.3.9. Let E be an irreducible object of A (β,ω) with deg(E(−β)) = 0.
(
is a β-twisted stable object of C.
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Proof. We set G := G (β,ω) . For E ∈ A (β,ω) , we have an exact sequence
(1) Assume that rk E ≥ 0. If H −1 (E) = 0, then the irreducibility of E implies that H 0 (E) = 0 and H −1 (E) is a torsion free object of C with rk H −1 (E) > 0, which is a contradiction. Therefore H −1 (E) = 0. If H 0 (E) has a torsion subobject T , then we have an exact sequence in A (β,ω) :
By the irreducibility of E, E is a torsion object. If dim E = 1, then we have a non-trivial quotient ϕ : E → E 1 in C, which gives a non-trivial quotient of E in A (β,ω) , since dim ker ϕ ≤ 1. Therefore dim E = 0. If H 0 (E) is torsion free, we take the Harder-Narasimhan filtration of H 0 (E):
Since H 0 (E) ∈ T (β,ω) and deg(H 0 (E)(−β)) = 0, we see that deg(F i /F i−1 (−β)) = 0 for all i. Then we have
By the irreducibility of E, s = 1. Thus H 0 (E) is β-twisted semi-stable. By the irreducibility, we also see that
be the Harder-Narasimhan filtration of
Thus F i /F i−1 ∈ F (β,ω) for all i. By the irreducibility of E, s = 1. Thus H −1 (E) is β-twisted semi-stable. By the irreducibility, we also see that H −1 (E) is β-twisted stable.
is an irreducible object of A.
Proof. We set G := G (β,ω) . Assume that there is an exact sequence in A (β,ω) :
Then we have an exact sequence in C:
is sufficiently close to 0, χ(im ψ(−β)) = 0. By the β-stability of E, E → im ψ is an isomorphism. Therefore E[1] is irreducible.
1.4. The wall and chamber for categories.
1.4.1. For the stability condition σ (β,ω) , the abelian category A (β,ω) depends on the choice of β and ω ∈ R >0 H. In this subsection, we shall study the dependence under fixing b := (β, H)/(H 2 ) ∈ Q. So we assume that X is a K3 surface (cf. Remark 1.3.2). We first note that η := β − bH ∈ H ⊥ . Definition 1.4.1. We set H :={(η, ω)|η ∈ NS(X) Q , (η, H) = 0, ω ∈ R >0 H},
We have an embedding of H R into NS(X) C via (η, ω) → η + √ −1ω. Thus we have an identification:
We shall introduce an embedding of H R into a sphere. For the vector space
the intersection pairing is a negative definite real form. We set
We set x = r + ξ + a̺ X ∈ I bH . If r = 0, then x = re bH+η+ √ −1ω , η + √ −1ω ∈ V H . If r = 0, then x = a̺ X . Thus I is identified with a compactification V H := V H ∪ {∞} of V H , where R̺ X corresponds to ∞. We shall prove that I is diffeomorphic to ρ-dimensional sphere S ρ , where ρ = rk NS(X). For x = r + ξ + a̺ X with ξ ∈ V H , x 2 = 0 if and only if (ξ 2 ) = 2ra. We shall identify R ρ with V H by sending (y 1 , . . . , y ρ−1 , y ρ ) to
Then we have a diffeomorphism:
r−2a , 2a+r 2a−r ). The correspondence S ρ → V H is nothing but the stereographic projection from ( 0, 1) ∈ S ρ , and we get a desired embedding H R ֒→ S ρ . We set H R := H R ∪ {∞}. This embedding will be used in subsection 1.5 to describe the action of Fourier-Mukai transforms. Definition 1.4.3. We set
For u ∈ R, we define a wall W u of H R as
A connected component of H R \ ∪ u∈R W u is called a chamber for categories.
implies that r > 0 if and only if a > 0. If
Hence u ∈ R with rk u = 0 are used to describe the dependence on the category C.
Remark 1.4.5. For u ∈ R with rk u > 0, W u is the half sphere defined by
Lemma 1.4.6. The set of walls is locally finite.
Proof. Let B be a compact subset of H R . We shall prove that
and W u is the half sphere
Hence r 2 < 2/(ω 2 ) and
Since B is a compact subset of H R , the choice of r and (D 2 ) are finite. We denote the denominator of b by b 0 . Since D = c 1 (u) − rbH ∈ 1 b0 NS(X), the choice of D is also finite. Hence the claim holds. 1.4.2. For a fixed β := bH + η, η ∈ H ⊥ , we have an injection
Then we also have the notion of walls and chambers on R >0 H. In this case, the category C is fixed.
Then R β is a finite set and rk u ≤ r 0 .
Proof. We set u := re
By the assumption, a = − e β , u > 0 and −2 = u 2 = −2ra + (D 2 ) ≤ −2ra. Hence 0 < r(r 0 a) ≤ r 0 . Since −r 0 a = r 0 e β , u ∈ Z and r ∈ Z, r and r 0 a are positive integers with r(r 0 a) ≤ r 0 . Thus the choices of r and a are finite. Since D = (c 1 (u) − rβ) ∈ 1 r0 NS(X) ∩ H ⊥ and 0 ≤ −(D 2 ) ≤ −2ra + 2, the choice of u is also finite. Definition 1.4.8. For u ∈ R β , we define a wall W β,u of R >0 H as {ω ∈ R >0 H|(ω 2 )/2 = − e β , u / rk u}.
A connected component of R >0 H \ ∪ u∈R β W β,u is called a chamber for categories.
, and W u intersects with ι β (R >0 H) transversely.
For u ∈ R β , there is a β-twisted semi-stable object E of C with v(E) = u. Since W β,u depends only on u/ rk u, we introduce the following definition. Definition 1.4.10. Let Exc β be the set of β-twisted stable objects of C with
Lemma 1.4.11.
(1) Exc β is a finite set and {v(E)|E ∈ Exc β } ⊂ R β . (2) For E ∈ Exc β , rk E ≤ r 0 and rk E < r 0 unless r 0 = 1 and v(E) = e β + ̺ X . (3) Let E 1 , E 2 , . . . , E s be the objects of Exc β with χ G (β,ω) (E i ) > 0.
(a) For E ∈ T (β,ω) , there is an exact sequence
In particular, E is an exceptional object:
Therefore (1) and by Lemma 1.4.7 the first claim of (2) hold. If r = r 0 , then we have r 0 a = 1 and D = 0. Hence v(E) = r 0 e β − a̺ X . Since r 0 e β ∈ H * (X, Z), a ∈ Z. Then ra = 1 implies that r = r 0 = 1 and a = 1.
2 ≥ 0. If r = 0, then E is a 0-dimensional object. Thus E ∈ T µ . If r > 0, then a > 0, which implies that E ∈ Exc β . Then the claim follows from the definition of T (β,ω) and Exc β . Corollary 1.4.12. We fix β and take ω ∈ Q >0 H. Then A (β,ω) depends only on the chamber in R >0 H where ω belongs.
) is an example of Bridgeland's stability condition.
Proof. By Lemma 1.
By Lemma 1.4.11 (2) and the definition of Exc β , we have 1 ≤ rk E ≤ r 0 , which implies the claims.
Example 1.4.14. Let X be a K3 surface with Pic(X) = ZH and E 0 be an exceptional vector bundle on X. We set β :
The following example is inspired by Washino [31] .
Example 1.4.15. Let π : X → P 1 be an elliptic K3 surface with a section σ. Let f be a fiber of π. We set H := σ+4f and D := σ−2f . Then (H 2 ) = 6, (H, D) = 0 and (D 2 ) = −6. We set β+
defines an η-twisted stable sheaf. We set
Then the equations for W ui , i = 1, 2, 3 are
They pass through the point (
). By the action of R u1 , W u2 and W u3 are exchanged. It is easy to see that
For β = D/3, we have three categories A, A µ , A 3 :
For β = D/2, we have
In this example, u 1 , u 2 generate a negative definite lattice of type A 2 .
Definition 1.4.16. Let W be a wall of R >0 H. Let S W be the category generated by all E ∈ Exc β with W β,v(E) = W .
2 rk E (constant).
Lemma 1.4.18. Assume that ω belongs to a wall W . We take ω ± ∈ Q >0 H such that ω ± are sufficiently close to ω and (ω
(1) Assume that there is an exact sequence in A (β,ω−)
Then we have an exact sequence
As in the proof of Lemma 1.3.10, we see that deg
By the semi-stability of E and χ G (E) = 0, χ G (im ϕ) ≤ 0, which is a contradiction. Therefore H −1 (E 2 ) = 0 and E 1 is a β-twisted semi-stable object with χ G (E 1 ) = 0. Thus
(2) Assume that there is an exact sequence in A (β,ω+)
Assume that
is a negative definite sublattice of H * (X, Z) alg . In particular, the sublattice S W generated by S W is a direct sum of lattices of type ADE.
, we get the claim.
1.5. Relation with the Fourier-Mukai transforms. Let X ′ be an abelian surface or a K3 surface. Let
For simplicity, we set Φ := Φ
where v(E) is given by (1.3). We set b ′ := (β ′ , H)/( H 2 ). Then we have a diffeomorphism
We shall study the relation of H R and H ′ R explicitly. For η + √ −1ω with (η, H) = 0, we set
Then we have
(1.11)
Assume that ω is nef and big.
Proof.
(1) Let R ′ be the set in Definition 1.4.3 associated to X ′ . Then −Φ(R) = R ′ . By (1.11), (η, ω) ∈ W u if and only if ( η, ω) ∈ W −Φ(u) . Hence the claim holds. (2) is obvious.
Let U be a β-twisted stable object of C with rk U = r, deg(U (−β)) = 0 and v(U ) 2 = −2. We set
Since the Fourier-Mukai transform
X→X induces a (−2)-reflection R v(U) , we get ξ = ξ for any ξ ∈ H 2 (X, Q). We write γ = bH + υ, υ ∈ H ⊥ . Then we have a diffeomorphism
). We take η ∈ NS(X) Q with (H, η) = 0. We shall study the perturbed stability condition
we have
We first assume that a < 0. Then −a ≥
. Since H ⊥ is negative definite, the Schwarz inequality implies that
Assume that a = 0. Since d = 0, we have r > 0. We further assume that −2(
2 . In this case, we have − −2(η 2 ) ≤ (η, D) ≤ −2(η 2 ) by (1.13). Hence
Proof. Let E be an object of F with
We take a (β + η)-twisted stable subobject E 1 of E such that
We set
Since E 1 ∈ F and deg(E 1 (−β)) = 0, a 1 ≤ 0. Then
(2) E is (β + η)-twisted semi-stable if and only if E is β-twisted semi-stable and
Assume that a/r − a 1 /r 1 = 0. Since |a/r − a 1 /r 1 | ≥ 1 r0r 2 , (1) holds. We note that
Then (2) follows from (1) and (1.14).
We note that R β is a finite set (Lemma 1.4.7).
U ∈ U are (β + tη)-twisted stable for 0 < t ≤ 1 and
Corollary 1.6.5. Let E be a µ-semi-stable object of C with v(E) = re
Proof. Since E ∈ T, we have a > 0. We take the Harder-Narasimhan filtration
we have E/F 1 ∈ T, which implies that χ(E/F 1 (−β)) > 0. Then inductively we see that χ(F i /F i−1 (−β)) > 0 for all i. Hence the claim holds.
is generated by T µ and U ∈ U with Z (β+η,ω) (U ) < 0.
. If there is a quotient E 2 → F of E 2 with F ∈ F, then Lemma 1.6.2 implies that F ∈ F (β+η,ω) . Hence we get F = 0, which implies that E 2 ∈ T. By Corollary 1.6.5, E 2 is generated by U ∈ U with Z (β+η,ω) (U ) < 0.
By Lemma 1.6.3, we have Exc β ⊂ U and every U ∈ U is β-twisted semi-stable. Hence U ⊂ ∪ W S W . Proposition 1.6.7. Let I := {tH|a ≤ t ≤ b} be a closed interval of R >0 H. Then for a sufficiently small η := η I ∈ H ⊥ ⊗ Q, we have the following claims:
(1) If I does not intersect with any wall, then
Assume that the interior of I intersects with exactly one wall W . We take ω ± ∈ I ∩ Q >0 H such that ω ± are separated by W and
is generated by T (β,ω+) and U ∈ U ∩ S W with Z (β+η,ω) (U ) < 0.
Proof. We set Exc *
is a positive number. Then we can take a sufficiently small η with
by (1.12).
(1) By the assumption, Exc * β = Exc β . Hence the claim follows from (1.15).
Corollary 1.6.8. In the notation of Proposition 1.6.7 (2), we choose η such that
Proof. We first note that Exc β ∩S W ⊂ U ∩ S W ⊂ S W and Exc β ∩S W generate the category S W . By Proposition 1.6.7 (2), T (β+η,aH) = T (β,ω−) if and only if Z (β+η,aH) (U ) < 0 for U ∈ U ∩ S W . Hence T (β+η,aH) = T (β,ω−) , which implies that A (β+η,aH) = A (β,ω−) . The proof of A (β+η,bH) = A (β,ω+) is similar. Corollary 1.6.9. A (bH+η,ω) depends only on the chamber where (η, ω) belongs.
Proof. It is sufficient to prove that A (bH+η,ω) is locally constant on H R \ ∪ u∈R W u . By Proposition 1.6.7 (1), the claim holds. Proposition 1.6.10. Assume that C 1 and C 2 are chambers separated by exactly one wall W u with rk u > 0.
and (A (β2,ω2) , Z (β2,ω2) ) are equivalent.
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(1) is a consequence of Lemma 1.5.2.
(2) By Corollary 1.6.9, we may assume that
). We set β := bH + η 1 . Let U be a β-twisted semi-stable object of C with v(U ) = u. Since W u is the unique wall separating (η 1 , ω 1 ) and (η 2 , ω 2 ), U is β-twisted stable. Then U is an irreducible object of A (β,ω1) and U [1] is an irreducible object of A (β,ω2) . We shall prove that Φ
We have an exact sequence in C:
By Lemma 1.4.18 and Hom(H
, which also implies the surjectivity of ψ in C. Therefore
, which implies the claim. Corollary 1.6.11. Assume that neither (β 1 , ω 1 ) nor (β 2 , ω 2 ) belongs to any wall. Then A (β1,ω1) is equivalent to A (β2,ω2) .
Moduli of stable objects for isotropic Mukai vectors. Let
is a projective K3 surface by [17] . Since H is not a general polarization, M bH+η H (v) may not contain slope stable objects. In this subsection, we shall relate M bH+η H (v) to the moduli of slope stable objects as an application of the chamber structure.
Let I t := η + √ −1tω, 0 ≤ t ≤ t 0 be a segment of V H (see (1.6)) such that I t , 0 < t < t 0 belongs to a chamber and I t0 belongs to a wall. Let {W ui |u i ∈ R, 1 ≤ i ≤ n} be the set of all walls containing I t0 . Then e bH+It , u < 0 for all 0 ≤ t < t 0 and u ∈ R, and e bH+It 0 , u i = 0, 1 ≤ i ≤ n. We have an auto-equivalence Φ : D(X) → D(X) inducing an equivalence Φ : A (bH+η,t−ω) → A (bH+η,t+ω) , where t − < t 0 < t + and
, 0 < t < t 0 is contained in a chamber. We set η ′ := Φ H (η). We set I ′ t := η ′ + √ −1tω and assume that I ′ t , 0 < t < t 1 is contained in a chamber. We take t, t ′ ∈ R such that 0 < t < t 0 and 0 < t ′ < t 1 . Then there is no wall between η 
consists of slope stable objects or 0-dimensional objects. . We take a small perturbation I t = x(t)D + tH of I t so that x(t) < 1/2 in a
2. Relation of Gieseker's stability and Bridgeland's stability.
2.1. Some numerical conditions. We shall discuss numerical conditions which relate Gieseker's stability with Bridgeland's stability.
We consider the following conditions for v:
Remark 2.1.1. We note that (
Remark 2.1.3. Assume that (⋆3) holds for v. Let E be an object of C with v(E) = v. Then E is µ-semi-stable if and only if E is β-twisted semi-stable. Moreover E is a local projective object of C.
Assume that E is µ-semi-stable and take a Jordan-Hölder filtration with respect to the µ-stability
we get a i /r i ≤ a/r for all i. Hence a i /r i = a/r for all i. Thus E is β-twisted semi-stable. We set E i := F i /F i−1 and assume that Ext
and E is a local projective object. 
Definition 2.1.5. We set
Z,
Hence the claim follows.
Proof. Assume that (⋆1) does not hold. Then there is an object E 1 such that
Thus we have
If r = 0, then
These mean that (ω 2 ) is bounded above.
Lemma 2.1.8.
In particular, φ(E 1 ) ≥ φ(E) if and only if
Proof. The claim follows from the equalities
2.2. Gieseker's stability and Bridgeland's stability.
Proposition 2.2.1. Assume that (⋆1) holds. For an object E of D(X) with v(E) = v, E is a β-twisted semi-stable object of C if and only if E is a semi-stable object of A µ .
(1) Assume that E ∈ C is β-twisted semi-stable. We first assume that r > 0. Let ϕ : E 1 → E be a stable subobject of E and set v(
, then β-twisted semi-stability of E implies that a 1 /r 1 ≤ a/r, which also means that (
. Thus E is a semi-stable object of A µ . We next assume that r = 0. Let ϕ : E 1 → E be a stable subobject of E and set v(
Since E is purely 1-dimensional and H −1 (E/E 1 ) is torsion free, E ′ = 0 and
We next assume that r = 0. We set Proof. Assume that E ∈ C is β-twisted semi-stable. Then E[1] ∈ A (β,ω) . We consider an exact sequence in
Conversely let E[1] be a semi-stable object of A (β,ω) . We shall prove that E is a β-twisted semi-stable object of C. We set
and if the equality holds, then A (β,ω) .
(1) If F is a semi-stable object with φ(F ) < 1, then F does not contain a 0-dimensional subobject.
Proof. (2) Assume that F ∈ A (β,ω) does not contain a non-trivial 0-dimensional object. Let G be a local projective generator of C. Since Ext
. By the exact triangle
for an irreducible object A of C, then we have a non-trivial extension
Hence we have a morphism A → F which induces an injection A → H 0 (F ). It contradicts the assumption on F . Therefore Ext 1 (U −1 , A) = 0 for all A, which implies that U −1 is a local projective object of C. Conversely assume that F is represented by a complex U −1 → U 0 such that U −1 , U 0 are local projective objects. Let A be a 0-dimensional object of C. By the exact triangle
and Hom(A, U 0 ) = Ext 1 (A, U −1 ) = 0, we have Hom(A, F ) = 0.
Remark 2.2.4. Assume that rk E < 0 and (c 1 (E), H) > 0. Then φ(E) < 1. If E is semi-stable, then H −1 (E) is a local projective object. Indeed for a 0-dimensional object A of C, by using the exact sequence
we have an exact sequence 
Since G ∨ is a local projective generator of C D , G ∨ -twisted semi-stability and (−β)-twisted semi-stability are defined by Definition 1.2.2.
Remark 2.2.6. Let F and ϕ be the complexes in Lemma 2.2.3. Since ker(ϕ ∨ ) and H 0 (F ) ∨ are the same on
Proposition 2.2.7. Assume that (⋆2) holds for v (i.e., (⋆1) holds for v ∨ ). Let F be an object of D(X) with v(F ) = −v. Then F is a semi-stable object of A µ if and only if
There is a surjective morphism ψ : (G ∨ (−n)) ⊕N → E, where n ≫ 0. Since E does not contain a 0-dimensional subobject of C D , we see that ker ψ is a local projective object of C D . Thus E is represented by a complex V −1 → V 0 such that V i are local projective objects of C D . Then we have an exact triangle
Since V ∨ i are local projective objects of C, we see that
We take an exact sequence in
such that F 2 is a stable object. By Lemma 2.2.3 implies that E ∨ [1] , and hence F 1 does not contain a 0-dimensional object. We have an exact sequence
We set 
Hence coker ψ is a 0-dimensional object. We also have deg
is a 0-dimensional object and H −1 (F 1 ) = 0. This means that F 1 is a 0-dimensional object, which is a contradiction. Therefore
) is a torsion free object of rank 0. Therefore
By the (−β)-twisted semi-stability of E, a 2 /r 2 ≤ a/r. Then we get 
Since
are object of A µ and we have an exact sequence in A µ : 
(1) If r ≥ 0, then E is a semi-stable object of A µ if and only if E is a β-twisted semi-stable object of C. 
Then there is a coarse moduli scheme M (β,ω) (v), which is given by Proof. If (ω 2 ) > 2, then A (β,ω) = A µ . In this case, by Lemma 2.1.6 and Corollary 2.2.10, we get the moduli scheme. For a general case, the claim follows from Proposition 1.6.10.
A relation of [28]
with Bridgeland's stability. We take a sufficiently small element α ∈ NS(X) ⊗ Q such that − e β+α , v(A) > 0 for all 0-dimensional objects A of C. Let X ′ := M β+α H (v 0 ) be the moduli space of (β +α)-twisted semi-stable objects of C and there is a projective morphism X ′ → Y ′ , where
. By choosing a general α, we may assume that X ′ is a smooth projective surface. Then there is a universal family E on X × X ′ as a twisted object. For simplicity, we assume that E is untwisted. Let
be the Fourier-Mukai transform. Let C ′ be the category of perverse coherent sheaves on X ′ associated to β ′ , that is, − e β ′ , v(A) > 0 for all 0-dimensional objects A of C ′ . For ω with (ω 2 ) < 2/r 2 0 , we shall consider the Fourier-Mukai transform of A = A (β,ω) . We take η + √ −1ω such that η ∈ H ⊥ and −(η 2 ) is sufficiently small. Then A (β+η,ω) = A. Let A ′ µ be the category in Definition 1.2.7 associated to the pair (β ′ , ω ′ ) (cf. (1.9) ). By Lemma (1.11),
Thus we have the following diagram: (i) E is a β-twisted semi-stable object of C.
3.5.8]) and
(ii) E[1] is a semi-stable object of A for (β, ω).
Proof. By (2.4), (ii) is equivalent to (iii). The equivalence between (i) and (ii) follows from Lemma 2.3.3 (1). The equivalence between (iii) and (iv) also follows from Lemma 2.3.3 (2).
Remark 2.3.2. If (ω 2 ) ≪ 2/r 2 0 , then (ii), (iii) and (iv) are equivalent. Thus in order to compare the moduli spaces M H (Φ −1 (w)) and M H (w), it is sufficient to study the wall-crossing behavior in A (β,ω) .
Lemma 2.3.3. Assume that d > N (v).
(1) (⋆3) holds for Φ −1 (w) and any (ω 2 ) > 0. (2) (⋆1) holds for w and any ( ω 2 ) > 0.
Proof. We note that Φ −1 (w) = r 0 ae (1) (⋆2) holds for Φ −1 (w) and any (ω 2 ) > 0 (2) (⋆1) holds for w and any ( ω 2 ) > 0.
By Lemma 2.1.6, we have the following claim.
3. The wall crossing behavior.
3.1. The definition of wall and chamber for stability. In this section, we fix H and (H, β) and study the wall crossing behavior of Bridgeland's stability condition in H R or i β (R >0 H) on a K3 surface or an abelian surface from the view of Fourier-Mukai transforms. We set
Proof. The claim follows by using the following equalities
Lemma 3.1.1 implies that
Then we see that
We also have
We note that d i /d min ∈ Z (Definition 2.1.5). By using (3.2) and (3.3), we have
Lemma 3.1.2 (Bogomolov inequality). Let E be a semi-stable object of A (β,ω) with the Mukai vector (1.3). Assume that d > 0. Then
Proof. We may assume that k is algebraically closed. Then for a stable object E, Hom(E, E) = k. Hence the claim holds. In particular, if d = d min , the claim holds. For a general case, we take a Jordan-Hölder filtration of E. Then by (3.7), we get the claim.
Definition 3.1.3. Let C be a chamber for categories, that is, A (bH+η,ω) is constant for (η, ω) ∈ C ∩ H. For a Mukai vector v, we take the expansion (3.4), where β = bH + η.
ε, we define a wall of type v 1 as the set of
(2) A chamber for stability is a connected component of C \ ∪ v1 W v1 .
Remark 3.1.4. For a fixed β := bH + η, we have the injection ι β : R >0 H → H R (see 1.8). Then we have the notion of walls and chambers for R >0 H. In this case, we can require that v 1 also satisfies
We shall prove that the candidates of (
, where b 0 is the denominator of b. By (a), (c) and (3.9), we have Proof. The claim is a consequence of [5, Prop. 9.3] . For a convenience sake of the reader, we give a proof. Let B be a compact subset of H R . We shall prove that
is a finite set. We take r 0 ∈ Z with r 0 e bH ∈ H * (X, Z). For β = bH, bH + η, we write
We note that
Assume that (η, ω) ∈ W v1 , i.e., (3.11) da
We shall give a bound of r 1 by v, (ω 2 ) and (η 2 ). We have 2r 1 a 1 < d
Hence
a.
If r 1 > 0, then
). Hence we see that
Since r 1 is an integer, the choice of r 1 is finite. We have
by (3.11). Then by using (3.10), we get
We have
, the choice of D 1 is finite. Then r 1 a 1 is also bounded. Since r 0 a 1 ∈ Z, the choice of v 1 is finite.
By the same arguments in [23] , we get the following claim.
In this case, W v1 is the wall for η-twisted semi-stability. We can easily prove the following lemma, which will be used later. 
The relative cases. Let Y → S be a polarized family of normal K3 surfaces or abelian surfaces over S. Assume that there is a smooth family of polarized surfaces X → S with a family of contractions π : X → Y over S such that Rπ * (O X ) = O Y . Assume that there is a locally free sheaf G on X which defines a family of tiltings C s , s ∈ S and G s is a local projective generator of C s . Let H be a relative Q-Cartier divisor on X which is the pull-back of a relatively ample Q-divisor on Y. We assume that there is a section σ of f : X → S. Then σ gives a family of fundamental classes ̺ Xs , s ∈ S. We denote it by ̺. We take β ∈ NS(X /S) Q . Let v ∈ Z ⊕ NS(X /S) ⊕ Z̺ be a family of Mukai vectors. For v 1 ∈ H * (X s , Z) alg , we write 
the set of Hilbert polynomials χ(O Xs (ξ + nH s )) of O Xs (ξ) is finite. Since the relative Picard scheme of a fixed Hilbert polynomial is of finite type, the equivalence class of ξ is also finite, where ξ ∈ NS(X s ) and ξ ′ ∈ NS(X s ′ ) is equivalent if ξ and ξ ′ belong to the same connected component of the relative Picard scheme. Thus we get the following lemma. 
3.2. The wall crossing behavior under the change of categories. In this subsection, we assume that X is a K3 surface and we fix β = bH + η. Assume that ω ∈ R >0 H belongs to a wall W := W v(E) , where E ∈ Exc β . Let ω ± ∈ Q >0 H be ample Q-divisors which are sufficiently close to ω and (ω 2 − ) < (ω 2 ) < (ω 2 + ). We shall study the wall crossing behavior of the moduli spaces M (β,ω±) (v). Let φ ± be the phase function for Z (β,ω±) . We set
First of all, we shall slightly generalize the definition of the stability.
Definition 3.2.1. E ∈ A (β,ω−) is semi-stable with respect to Z (β,ω) , if
We study the categories of complexes E ∈ D(X) such that E ∈ A (β,ω−) and E is semi-stable with respect to Z (β,ω) .
(2) Assume that Hom(E, E 0 ) = 0 for all E 0 ∈ S W . By Lemma 1.4.11 (3), we have
Since the semi-stability with respect to Z (β,ω) is defined in the category
Proof. We note that Z (β,ω) (E) ∈ R ≤0 . Then Z (β,ω) (E) ∈ R ≥0 e π √ −1φ implies that Z (β,ω) (E) = 0. Hence the claims follow from Lemma 3.2.3.
(2) E ∈ M (β,ω) (v) if and only if there is a filtration
is not a semi-stable object of A (β,ω−) with respect to Z (β,ω−) , then we have the Harder-Narasimhan filtration
is not semi-stable with respect to σ (β,ω+) , then we have an exact sequence
, where E 0 ∈ S W and Hom(E ′ , F ) = 0 for all F ∈ S W . Thus E ′ ∈ A (β,ω+) by Lemma 3.2.2 (2). We take the Harder-Narasimhan filtration of E ′ in A (β,ω+) :
Since ω + is sufficiently close to ω,
By Lemma 3.2.2 (1), (3), F i /F i−1 ∈ A (β,ω−) and they are semi-stable with respect to Z (β,ω) . In particular, (3.12) is a filtration in A (β,ω−) . We set F s := E, where s := t + 1 for E 0 = 0 and s := t for E 0 = 0. Then we get a desired filtration of E. Conversely for a filtration with (a), (b), (c),
By the following lemma, the choice of the Mukai vectors v(F i /F i−1 ) in Proposition 3.2.5 is finite.
Lemma 3.2.6. Let E be a semi-stable object with respect to Z (β,ω) . Assume that E is S-equivalent to ⊕ s i=0 E i such that (i) Z (β,ω) (E 0 ) = 0 and (ii) E i are semi-stable with respect to σ (β,ω+) for all i > 0 or E i are semi-stable with respect to σ (β,ω−) for all i > 0. The choice of v(E 0 ) is finite.
Proof. We set v(E 0 ) :
Hence the choice of r 0 is finite. Since E 0 is a successive extension of objects in Exc β , the choice of E 0 is also finite. 
By Lemma 1.4.19, R + is a finite set. For a sufficiently small general element η ∈ NS(X) Q , we have
for all u, u ′ ∈ R + with u = u ′ . We may assume that R + = {u 1 , u 2 , . . . , u n },
Lemma 3.3.1.
(1) There is a unique (β + η)-twisted semi-stable object (2) follows from (3.13) Lemma 3.3.2. Let E be an object of A (β,ω−) . Assume that E is semi-stable with respect to Z (β,ω) such that Hom(E, U i ) = 0 for i < k.
(1) ϕ : E → Hom(E, U k ) ∨ ⊗ U k is surjective in C and ker ϕ is a semi-stable object with respect to Z (β,ω) such that Hom(ker ϕ, U i ) = 0 for i ≤ k. Moreover for the universal extension
(1) By Lemma 1.4.18, im ϕ ∈ S W . Let F 1 be a subobject of im ϕ in C such that
On the other hand, for a quotient object
. Then we see that m = dim Hom(E, U k ). Since Ext 1 (U k , U k ) = 0, we get Hom(ker ϕ, U k ) = 0. If there is a nontrivial homomorphism ψ : ker ϕ → U i , i < k, then by Lemma 1.4.18, F := im ψ belongs to S W and
This means that there is a quotient E → U j , j < k. Therefore Hom(ker ϕ, U i ) = 0 for all i ≤ k. By the exact sequence (3.15), we get an exact sequence
Since δ ϕ is isomorphic for i = k and Hom(ker ϕ, U i ) = 0 for i ≤ k, we get Hom(E ′ , U i ) = 0 for i ≤ k. Since Z (β,ω) (U k ) = 0, the semi-stability is a consequence of its definition. (2) easily follows from (1).
We define the Brill-Noether locus by
We note that M (β,ω,k) (v) 0 = M (β,ω,k+1) (v) 0 . As in [24] , we have the following description of the BrillNoether locus. (
Proof. Let ϕ : E → E be a homomorphism such that ker ϕ = 0 and coker ϕ = 0. Then ker ϕ, im ϕ, coker ϕ are semi-stable objects with respect to Z (β,ω) . By our assumption, ker ϕ, coker ϕ ∈ S W or im ϕ ∈ S W . In the first case, E ∈ M (β,ω,k) (v) implies that
, which is a contradiction. In the second case, we also see that
which is a contradiction. Therefore ϕ is an isomorphism or ϕ = 0. Then we see that Hom(E, E) = k by a standard argument.
Proof. We set m :
and
(1) The birational type of M (β,ω) (v) does not depend on the choice of general ω. 3.4. The wall crossing formula for the numbers of semi-stable objects over F q . 3.4.1. The wall crossing formula for counting invariants was obtained by Toda [21] . Here we only consider its specialization. Let F q be the finite field with q elements.
Definition 3.4.1. We denote the set of semi-stable objects over F q by M (β,ω) (v)(F q ).
We shall study the weighted number of semi-stable objects over F q :
.
We start with the moduli of β-twisted semi-stable objects of C. 
Let us compute the wall crossing formula for E∈M (β,ω) (v)(Fq) 1 # Aut(E) . We first treat the case where ω belongs to a wall W for stability in Definition 3.1.3. By using Desale and Ramanan [6] , we see that (3.17)
We next treat the case where ω belongs to a wall W for categories in Definition 1.4.3. For v with Z (β,ω) (v) = 0, we set
Then we get (3.18)
By the induction on d, we get the following claim, which is a special case of [21] .
Proposition 3.4.3.
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Proof. We prove the claim by induction on d. By the wall crossing formula (3.17) (3.18), it is sufficient to prove the claim for d = d min . In this case, by Proposition 3.3.4, we get
, we get the claim. 
Proof. By Proposition 3.4.3 and Corollary 2.2.8, we have
Then the claim follows from Proposition 3.4.6 below. 
Proof. The claim follows from Proposition 2.3.1 and Proposition 3.4.4.
3.4.2. We shall prove the following result.
Proposition 3.4.6. Assume that rk v > 0.
By the Harder-Narasimhan filtration, we can write down
By the induction on rk v, the proof of Proposition 3.4.6 is reduced to show the following claim.
Lemma 3.4.7. Assume that rk v > 0.
Indeed if rk v = 1, then Lemma 3.4.7 implies Proposition 3.4.6.
Definition 3.4.8. Let M (β,∞) (v) be the stack consisting of E ∈ A µ with v(E) = v such that H −1 (E) is a µ-semi-stable object and H 0 (E) is a 0-dimensional object.
Lemma 3.4.9. Let E be an object of A µ with v(E) = v. Then E ∈ M (β,∞) (v) if and only if we have a filtration
] is a local projective object of C, F 3 /F 1 is torsion free, Hom(F 2 , A) = 0 for any 0-dimensional object A of C.
Proof. For an object E of A µ with dim H 0 (E) = 0, by Lemma 3.4.10, we have an exact sequence
in C such that F is a local projective object of C and T is a 0-dimensional object of C. Then we have an injective morphism
Hence there is a maximal 0-dimensional subobject B of E/T . Then there is a 0-dimensional subobject F 1 of E such that T ⊂ F 1 and F 1 /T = B. It is easy to see that
. Then the filtration satisfies the required properties.
Conversely if there is a filtration (3.19), we have an exact sequence
Hence the claim holds.
Lemma 3.4.10. For a torsion free object E of C, we have a unique extension
in C such that F is a local projective object of C and T is a 0-dimensional object of C.
Proof. For a torsion free object
, then we take a non-trivial extension
gives a torsion free object E 3 of C. Continuing this procedure, we get a sequence of torsion free objects
. Since Bogomolov's inequality holds for µ-semi-stable objects, we see that v(E i ) 2 ≥ −N , where N depends on rk E and the Harder-Narasimhan filtration of E 1 with respect to the µ-semi-stability. We set
Therefore there is an n such that Hom(A, E n [1]) = 0 for all 0-dimensional object A. Thus we get a desired local projective object. The uniqueness follows by using Hom(T,
By the proof of Proposition 2.2.7, we get the following result.
) is a 0-dimensional object and
By Lemma 3.4.9 and Lemma 3.4.11, we have the following expressions:
. Hence the choices of v 2 is finite, which implies the above equalities are well-defined. By the induction on rk v, we get Lemma 3.4.7.
4. The wall crossing bahavior on an abelian surface.
4.1.
The wall defined by an isotropic Mukai vector. In this subsection, we assume that X is an abelian surface over a field k. Let k be the algebraic closure of k. We note that A = A µ and all A (β,ω) are the same. We fix β = bH + η and study the wall crossing behavior with respect to ω ∈ Q >0 H. By Definition 3.1.3, we have the following proposition. 
Let w 1 be a primitive and isotropic Mukai vector. We shall study stable objects for ω lying on the wall W w1 .
Proof. Let y be a point of
If E is not stable, then there is an exact sequence
X→X1 (E i ) (i = 1, 2) are 0-dimensional α-twisted sheaves and we have an exact sequence of α-twisted sheaves
on W . It contradicts the irreducibility of F . Therefore E is stable.
Lemma 4.1.3. Let E be a stable object of A and assume that φ(E) = φ(w 1 ).
(1) v(E), w 1 ≥ 0. (2) If v(E), w 1 = 0, then there are a closed point W of X 1 and an irreducible α-twisted sheaf F on W such that E = Φ E X1→X (F ). In particular, if k is an algebraically closed field, then E ∈ M (β,ω) (w 1 ).
Proof. Let E 1 be a stable object with v(E 1 ) ∈ Zw 1 . We first note that Hom(E 1 , E) = 0 or Hom(E, E 1 ) = 0 implies that E ∼ = E 1 . Since dim X 1 > 0, we have a closed point W of X 1 and an irreducible α-twisted sheaf (1) holds. We also have the first part of (3).
Assume that E = Φ Lemma 4.1.4. Let E be a semi-stable object with v(E), w 1 = 1. Then E is S-equivalent to E 0 ⊕ ⊕ s i=1 E i , where E 0 is a stable object with v(E 0 ) 2 = 0 and v(E 0 ), w 1 = 1, and E i , i > 0 are stable object with v(E i ) ∈ Zw 1 . Proposition 4.1.5. Assume that ω ± ∈ Q >0 H are sufficiently close to ω and (ω Proof. Let φ ± be the phase function of Z (β,ω±) . Since v, w 1 = 1, X 1 is a fine moduli space, i.e., E is a coherent sheaf. We first assume that φ ± (w 1 ) < φ ± (v). In this case, for E ∈ M (β,ω±) (v) and a closed point W of X 1 , Ext 2 (E |X×W , E) = Hom(E, E |X×W ) ∨ = 0. If ψ : E → E |X×W is a non-trivial morphism, then ψ is surjective and ker ψ is semi-stable. Since Hom(E |X×W , E |X×W ′ ) = 0 if and only if W = W ′ , we see that Hom(E, E |X×W ) = 0 except for finitely many closed points of X. Hence Φ Proof. We may assume that X is defined over a finitely generated ring R over Z. Thus there is a smooth surface X R over R such that k is an extension field of the quotient field of R and X ∼ = X R ⊗ R k. Lemma 3.1.8 implies that by a suitable base change, we may assume that all v 1 ∈ H * ((X R ) s , Z), s ∈ Spec(R) in Definition 3.1.3 (1) are defined over R.
We first assume that there is no wall W w1 with v, w 1 = 1 and w . We set β := bH +η, η ∈ H ⊥ .
By Lemma 3.1.5, we can find an open neighborhood U of the segment connecting (η, ω 1 ) and (η, ω 2 ) such that U does not intersect W w1 with v, w 1 = 1 and w 2 1 = 0. We take a path I t := (η t , ω t ), 1 ≤ t ≤ 2 in U such that (i) η 1 = η 2 = η, (ii) I t is very close to the segment I ′ t := (η 1 , ω t ), 1 ≤ t ≤ 2, (iii) I t ∩ W v1 ∩ W v2 = ∅ for any W v1 = W v2 satisfying the conditions (a),(b),(c) in Definition 3.1.3 and (3.9). Assume that (η s , ω s ) belongs to a wall W . Then for s ± with s − < s < s + , s + − s − ≪ 1, we have the formula (3.17) , where (β, ω) and (β, ω ± ) are replaced by (bH + η s , ω s ) and (bH + η s± , ω s± ). Let us explain the relation of this section with [29] and [22] . 2 − r 2 d 1 ) . 5.1. Stability condition and base change. Now we discuss on the behaviour of our stability condition σ (β,ω) = (A (β,ω) , Z (β,ω) ) under a field extension L/k. Let us write by X L the base change of X, and set standard morphisms as
For given β, H, ω on X, we denote by β ′ , H ′ , ω ′ the pull-backs on X L . The stability function Z (β ′ ,ω ′ ) : D(X L ) → C is defined in the same way as Z (β,ω) :
The function Z (β ′ ,ω ′ ) (E L ) is also defined in the same way:
Lemma 5.1.1. Assume that the extension L/k is finite.
(1) For an object E L ∈ D(X L ) we have
′ * E L ) ≥ 0. Proof. Note that for an object E L ∈ D(X) we have
where · in the right hand side means the intersection product on the Chow group A * (X L ) and [ ] 0 denotes the degree zero part of an element of A * (X L ). Then we have
Here at the third equality we used the projection formula. Thus we have (1). Then (2) follows by the definition of Σ (β,ω) .
Proof. Assume that p ′ * (E) is not semi-stable with respect to σ (β ′ ,ω ′ ) . (Here we are implicitly using Lemma 5.1.2 (1).) Take a distabilizing subobject F of p ′ * (E), so that we have Σ (β ′ ,ω ′ ) (F, p ′ * (E)) < 0. Then by Lemma 5. Corollary 5.1.6. Let L = k, the algebraic closure of k. If E is a semi-stable object with respect to σ (β,ω) , then p ′ * E is semi-stable with respect to σ (β ′ ,ω ′ ),L .
Proof. Assume that p ′ * E is not semi-stable with respect to σ (β ′ ,ω ′ ),L . Let F be the distabilizing subobject of p ′ * E. Since F is (a class of) a complex consisting of coherent sheaves, we may assume that F is defined on a field 
